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Abst ract - -We give a mathematical justification, using results of [1,2], of a bifurcation from a 
stationary solution to a quasiperiodic solution evolving on a 2D torus, for the problem of the double 
tearing instability of a plasma described by MHD equations. A numerical example of such a transition 
is then given. @ 2000 Elsevier Science Ltd. All rights reserved. 
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1. INTRODUCTION 
Let ~ be a torus in ]~3 (see Figure 1), with boundary c0f~, containing a plasma described by the 
one-fluid incompressible magnetohydrodynamics equations, 
OV ) 1 
p0 -~-+V.VV +Vp- - -cur lB×B-vAV=0,  d ivV=0,  
#0 
OB curl(V×B)+curl(~ooCUrlB ) =0,  d ivB = 0, Ot 
where v is the viscosity, ~ the resistivity, #0 the permeability of the free space, p is the scalar 
pressure, V is the velocity and B the magnetic field, P0 is the (constant) mass density. 
The boundary conditions will concern V • n, B • n, curl B × n, and curl V × n, where n is the 
outward normal vector at any point of the boundary. 
The same problem is also studied if 12 is a cylinder (see Figure 2), with periodic boundary 
conditions in the direction of the axis of the cylinder. 
If f~ is a torus, we note by a and R0 two characteristic lengths in the poloidal and toroidal 
directions (for instance the small and large radii of an axisymmetric torus with circular cross- 
section), if ~ is a cylinder, a is the radius of the cylinder cross-section, and R0 is defined by 
L/(27r), L being the length of the cylinder. In both cases, we note e = a/Ro. 
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The preceding MHD equations will be numerically solved using the 3D code DEMA, we shall 
see in Section 3, an example of a bifurcation from a stationary solution to a 2D torus, in cylindrical 
geometry and for a reduced system of MHD equations. A mathematical justification of such a 
bifurcation is given in Section 2, using a center manifold theorem as in [1,2] the use of center 
manifolds for tearing instabilities can also be found in [3-5]. 
Let B0, P0 be characteristic values of the magnetic field and of the pressure. We normalize 
lengths with respect o a, velocity with respect o eVa, where va is the Alfven velocity (va = 
Bo/p~/pYfi-d), time with respect o (1/e)Ta, where T~ is the Alfven time scale (T~ = a/v~), B with 
respect o Bo, p with respect o P0, viscosity r, with respect o a2v~po/Ro, 77 with respect to 
a2v~#o/Ro. Let ~ = 2po#o/Bg, we obtain then the normalized equations (as in the DEMA code, 
see [6]) 
Ot +V'VV+e-2  
\ 
curlB x Br)  - uAV 0, (1.1) 
/ 
div V = 0, (1.2) 
OB 
0-7 - curl (V x B) + curl (ricurlB) = 0, (1.3) 
div B : 0, (1.4) 
In these equations, u is a constant and ri is a function, ri(r) = ri0~)(r) with rio = ri(0), the 
coordinate r being defined as in Figures 1 and 2. The ratio T'R = u/rlo is the Prandtl number. 
2. MATHEMATICAL  ANALYS IS  OF  B IFURCATION 
2.1.  App l i ca t ion  o f  a Center  Man i fo ld  Theorem 
We note by # = (ri0, v ,e ,~, . . . , )  the set of real parameters, assuming that ;DR is a given 
constant. Let K ~ ~' st, Pst, and B~ be some stationary solution of the system such that Vs~ • n = 0 
and B~ .n  = 0 on 0g/. We set Y = Vs~' + U, B = B~t + H, p = Ps"t + 2/(e-2B)ri015 and we do a 
time rescale with scaling factor rio1; the equations then become 
OU _V~+,PRAU+~(U,H)+I~(U,H)  (2.1) 
Ot 
div U = 0, (2.2) 
OH 
- cur l (~cur lH)  + B 2 (U,H) + N 2 (U,H), (2.3) 
Ot 
div H = 0, (2.4) 
Z 
Figure 1. 





with boundary conditions U • n = H-  n -- O, curl U × n -- curl H × n -- 0 on On, and where 
Bu~l (U, H) = ~o1~ -2  (curlBs~ × H + cur lH × Bs~ ) - ?70 1 (U" VYs? --~ Ysl¢ " VU)  , 
~1 (V, H) = -~?olU • VU + ~ole -2 curl H × H, 
2 (U, H) = 701 curl (U × S~ + Vs~ × H) ,  B ,  
g 2 (U, H) = %1 curl (U × H) .  
Let us define the following functional space: 
ZI={UE(LU(~))  a, V'U=0,  U.n=O, on0~},  
Z 2 = {H • Z x, Rue (g)  = 0}, Z = Z 1 × Z 2, 
where Hc = {U • (L2(~)) 3, curlU = 0, V.  U = 0, U.n = 0 on 0n} generated by the gradient 
of a multivalued function (for instance the toroidal angle if ~ is an axisymmetric torus, see [7]). 
PHc (U) is the orthogonal projection of U, in (L2(~)) 3, on the space He; note that we have the fol- 
lowing decomposition i to orthogonal subspaces (see [7]): V U • (L2(~)) 3, there exists unique U1 
• Z 2, h • Hc (U1 + h • Z1), and ¢ • Hi(12) such that 
u = u1 + h + V¢. (2.5) 
We also define 
X I={U• (H 2(~2)) 3, V -U=0,  
X 2={H•X 1, PHc(H)=O}, 
U.n=O, cur lUx  n=0,  on 0~},  
X=X I×X 2, Y=ZA(H 1(~))6. 
Let 7to be the orthogonal projection from (L2(fl)) 3 into Z 1, from (2.5), we see that (Id -- 
wo)(L2(~)) 3 = {~'¢,¢ E Hl(f l)}. We also see that y1 = 7to(HI(Q))3. Note that, if U • X 1, 
curl(curl U) is orthogonal to V(HI(f l));  then (Id -- ~ro)curl(curl U) = 0. 
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Then, eliminating the pressure 15 projecting with 7r0, the equation of motion becomes: ou _ -hY- 1 AI(U, H) + N~(U, H) where 
A~ (U, H) = --PR curl (curl U) + r0/~ (U, H),  N 1 (U, H) = ~r0N~ (U, H).  
The equation of H is then 
OHot = A~2 (U, H) + N~ (U, H), 2 (U, H) where A~ (U, H) = - curl (~) curl H) + B,  
Then, for the unknown u = (U, H), we have the following equation, with notations analogous 
to these of [1, relation (6), paragraph 5]: 
du 
d-t = Au (u) + N, (u), (2.6) 
with Au 1 2 = (NI(U,H),N~(U,H)), and Au(u) + = (Au,Au), N~(u) = Tu Bu(u) where Tu = 
(T 1 U, T2H), and T 1U = --7~R curl(curl U) - U, T2H = - curl(7) curl H), and B~,(u) = ~oB~ 
(U, H) + U. The terms U and -U  in the expression of A~ are introduced to avoid technical 
difficulties tudying the operator T, due to the space H~. We assume that 
~) e w 1,0° (gt), 0 < a < ~) (x) < Z < ~,  Vx e ft. (2.7) 
Looking to the principal part of the operator A,, the operator T, we see that T E L:(X, Z). Let 
g E Z, solving the equation Tu = g for u E X, we can see (as in [8, Chapter 2, paragraph 2, 
Proposition 2.1]) that there exists one and only one solution u, and T -1 C I:(Z, X). Moreover, 
noting (., .) the scalar product in (L2(~)) 6, we see that (Tu, v) = (u, Tv), Vu, v c X, and 
(Tu, u) = - fn [U[  2 - fnT~RlCurlU[ 2 -- fnT)lcurlHI 2 < 0, Vu e X. Then, as in [1], y1 = 
~0((Hl(fl))3), N~ E C°°(X,Y), B ,  E f~(X,Y), assuming that V~ and B~ are regular enough. 
With the preceding properties for N~, By, and T, we can, as in [1], apply the center manifold 
theorem to equation (2.6), for parameter values in the neighbourhood of critical values #0 of # 
such that the spectrum of A~o contains ome eigenvalues on the imaginary axis, all the other 
ones being on the left-hand side of the complex plane. 
2.2. B i fu rcat ion  Resu l ts  
We assume now that # -- ~o 1, all the other parameters being fixed. 
We make the following hypotheses, uggested by numerical results presented in Section 3. 
There are only four simple eigenvalues (:l:iwo) and (:kiwi) of A~o on the imaginary axis, the 
remaining of the spectrum being strictly on the left-hand side of the complex plane. This is 
exactly the situation studied in [2] (Hypothesis Hl--for Navier-Stokes equations), for a problem 
defined by equation (2.6) (where # is noted )~, Al, is -L~, and Nu is M in the relation (2) of [2]), 
assuming the properties proved in (2.1) for the operators, and a suitable smooth dependence on 
the parameter (analyticity), the new dependence of N~ on # in our problem would give the same 
analysis. 
We also assume Hypotheses H2 and H3 of [2], implying that two pairs of complex conjugate 
eigenvalues of A~, ¢0(#),¢1(#),~0(#),~1(]A), cross the imaginary axis from the left to the right 
when # is increasing in a neighbourhood of #0, with 
¢0 (#) = iT0 + (# -- #0) ¢(1) + O (# -- #0) 2 , ¢1 (#) = iWl + (# -- #0) ¢~1) + O (# -- #0) 2 
with Re (¢0 (1))>0, Re(¢~l))>0, andwl~pw0 fo rp=2or3  (Wl >w0>0) .  
We can then apply the results of [2] concerning the bifurcation of new solutions. 
First, there exists two one-sided bifurcating periodic solutions (limit cycles), denoted by U0 
and/41, for # near #0. 
Then, applying a center manifold theorem for maps, [2] obtains an invariant manifold for a 
family of maps and also for the dynamical system (2.6). We can also apply directly the results 
of [1] to the dynamical system (2.6), as in Section 2.1, to obtain the existence of the invariant 
manifold. 
We turn now to the bifurcation results. Normal form analysis is then the same as in [2] 
(following [9]), and we recall its results. 
Adding some new technical hypotheses on the imaginary eigenvalues iwo and iwl ([2, Hypoth- 
esis 2]), [2] proves the existence of an invariant orus for the dynamical system. Concerning 
stability, a new technical assumption proves that for # > #0, there exists a stable 2D torus and 
two unstable limit cycles/40 and 5/1. 
3. NUMERICAL  RESULTS 
Veq=0, Beq= (0, dd~-,l"0), 
They are obtained in cylindrical geometry (see Figure 2), with coordinates r,8, ¢. A static 
equilibrium solution of (1.1)-(1.4) is given, 
5.5 x 
where 2"0 is a constant and Ceq is the equilibrium magnetic flux function, depending on r. Rather 
than to prescribe Ceq, we choose a hollow current density profile in the ~ direction, given an- 
alytically by Je~q(r) = J0(1 - r2)3(1 + 9r2) ,  J0 being a constant. The quantity ¢~q is then an 
even function of r such that ~eq(1) = 0 and ~ = 9'e¢ q (Jeq =- curlBeq). Defining as usual 
the safety factor q(r) by q(r) = rB~eq/(L/(27r)Be~q), and choosing the constants J0, 2"0 such that 
q(0) = 3.8, q(1) -- 5.46, we then obtain a nonmonotonic q profile, with two values rl and r2 such 
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To satisfy equation (1.3) with the preceding equilibrium quantities, we need to choose ~ as a 
function of r such that: 
(r) J~(q (r) = constant = 710J~(q 0). (3.1) 
Then # = 70 1 will be the bifurcation parameter, increasing from low to high values. We refer 
to [10] for more details (where we use the Lundquist number S = (Ro/a)p instead of # as 
bifurcation parameter). 
Linear analysis of the stability of such an equilibrium solution physically shows (see [11]) that, 
for large values of #, the equilibrium is unstable and that a new solution appears, leading to a 
change in the topology of the magnetic field in the neighbourhood of the two surfaces r] and r2 
defined by q(rl) = q(r2) = 3 (called "double tearing" instability). 
We have done some numerical simulations using the evolution code DEMA (in cylindrical 
geometry), solving a reduced set of nonlinear MHD equations obtained from equations (1.1)-(1.4) 
doing some physical assumptions. We need to choose initial conditions and the values of the 
parameters; to follow the preceding stability analysis we need to choose ~ as given in (3.1), but 
to avoid infinite values of U at r -- 1 we use an approximation of the quantity given by (3.1), 
satisfying then also assumption (2.7) that we did in the mathematical nalysis of bifurcation. 
We then numerically compute solutions, and we obtain, for p greater than some critical value #c, 
a branch of nonlinear stable stationary solutions bifurcating from the equilibrium branch at 
( s t ,B~)  in Section 2. Increasing # and computing solutions i t = itc, this is the branch called V." 
with the evolution code DEMA, we found either the stable stationary solution ( st, Bst), or 
for higher values of it, a quasiperiodic solution (with two independent frequencies) evolving on 
a 2D torus, as can be shown for instance looking to a Poincar5 map (see Figure 3) representing 
successive intersections of a trajectory with some hyperplane in the phase space (see [10] for a 
complete description of the results). We did not observe limit cycles, suggesting that we have a 
transition from a stationary branch to a 2D torus, which could be explained by the mathematical 
analysis of Section 2, assuming some hypothesis on the linearized equations in the neighbourhood 
of the solution ~ (Vst, Bst)" 
4. CONCLUSION 
Numerical results using the evolution MHD code DEMA have shown the existence of a transi- 
tion from a stationary solution to a quasiperiodic solution evolving on a 2D torus for the double 
tearing instability. Introducing a convenient variational formulation of the problem, we can apply 
a center manifold theorem of [1] and the results of [2] to give a mathematical justification of such 
a transition in terms of bifurcation theory. As indicated in [10], the quasiperiodic solution could 
explain some reconnection phenomena physically observed. 
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